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The article is devoted to tlie generalization of the second Bogolyubov's 
theorem to non-almost periodic dynamical systems. We prove the analog of 
the second Bogolyubov's theorem for recurrent or pseudo recurrent dynamical 
systems in Banach spaces. Namely, we obtain the relation between a recurrent 
dynamical system and its averaged dynamical system. We also study existence 
of recurrent and pseudo recurrent motions (including special cases of periodic, 
quasi-periodic and almost periodic motions) in related nonautonomous sys- 
tems. 



1. Introduction 

The problem of averaging in time is well-studied for almost periodic systems in 
Banach spaces. A well-known result in this direction is the second Bogolyubov's 
theorem (see for example |P |5] ) which affirms that the equation 

(1) i^ef{t,x) 

with almost periodic function / for sufficient small e admits a unique almost periodic 
solution in the neighborhood of hyperbolic stationary point xq of the "averaged" 
equation 

(2) ± = sfoix), 
where 

t+T 

(3) /o(a;) = lim - / f{s,x)ds 

1 -^ + oo 1 J 

t 

and the limit Q is uniformly with respect to (w.r.t.) t e M. The first Bogolyubov's 
theorem determines the closeness or nearness of the solutions on finite time intervals 
for the original equation and the averaged equation (0) • Note that periodic and 
quasi-periodic functions are special almost periodic functions. 

In this paper, we generalize the second Bogolyubov's theorem for the equation 
to the case when function / is recurrent or pseudo recurrent (see definitions in 
Sections 4 and 6). 
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The paper is organized as follows. In section 2 we study the existence of invariant 
integral manifolds of quasilinear nonautonomous dynamical systems fTheorem l2.5l 
and Theorem 12. Results in this section are used in the following sections. 

Section 3 contains the main results about generalization of the second Bogolyubov's 
theorem for non- almost periodic systems fTheorem 13.41 and Theorem 13. 5|l . 

In section 4 we give conditions of existence of recurrent solutions of nonautonomous 
equations in a standard form, if corresponding averaging equation admits a hyper- 
bolic stationary point fTheorem l4.7|l . 

Second 5 is devoted to study of the existence of invariant torus and quasi-periodic 
solutions of quasilinear equations on the torus (Theorem 15.21 Theorem 15.31 and 
Corollarv l5.4|l . 

In second 6 we discuss the existence of pseudo recurrent integral manifolds (Theo- 
rem I^J. 



2. Quasilinear nonautonomous dynamical systems 

Let r2 be a compact metric space and (fi, R, cr) be an autonomous dynamical system 
on il. Let i5 be a Banach space, and Y and W are two complete metric spaces. 
Denote L{E) the space of all linear continuous operators on E and C{Y, W) the 
space of all continuous functions f : Y ^ W endowed by compact-open topology, 
i.e., uniform convergence on compact subsets in Y. We use these notations for the 
rest of the paper. The results in this section will be used in later sections. 

Consider the linear equation 

(4) X = A{u;t)x (u e ft, ujt ^ (T{t,uj)) 
and the inhomogeneous equation 

(5) X = A{ujt)x + f{ujt), 
where A e C{n, L{E)) and / £ C{n, E). 

Definition 2.1. Let U{t,uj) he the operator of Cauchy (solution operator) of the 
linear equation Q. The equation ^ is called hyperbolic if there exist positive 
numbers N, v > and continuous projection P G C{fl, L{E)) {i.e. P'^{io) = P{uj) 
for all cj G r2) such that 

1) For allteM. and uj G n, U{t, w)P(w) = P(u}t)U{t, uj); 

2) For allt>T anduj en, \\U{t,u;)P{uj)U-'^{T,Lu)\\ < N exp{-i^{t - t)); 

3) For all t < T and lu e n, \\ult,uj)Q{Lu)U-^{T,uj)\\ < TV exp (i/(t - r)), 
where Q{uj) = I - P{uj)). 



Definition 2.2. The function G -.Rl xi}^ L{E) defined by 
(6) G(i,T,c^) = 



U{t,oj)P{u)U-^{T,ijj) fort>T 
-U{t, lu)Q{uj)U-'^It, lu) fort<T 

is called the Green's function for hyperbolic linear equation where = M^\A]{2 , 
— {{t,t) I t G M} and P, Q are the projections from definition \2.1l 
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Remark 2.3. The Green's function satisfies the following conditions {see and 
0).- 

1) For every t ^ t the function G{t,T,Lu) is continuously differentiate and 

^^i^ih!^ = AiLut)Git,T,u) {ojen). 

2) G{t + 0, r, Lu) - G{t -0,t,lu) = I {t £R, to en). 

3) \\G{t,T,Lu)\\ < N cxp {-iy\t - t\) {t,T £R, lu G n). 

4) G{0,T,Lut) = G{t,t + T,Lu) {t,T eWL, T ^0, uj e n). 

Theorem 2.4. Suppose that the linear equation Q is hyperbolic. Then for f G 
C{Q,E), the function J (lu) defined by 

(7) 7H= / GiO,T,Lu)fiLUT)dT (tuen) 



is continuous, i.e., 7 G C'{fl,E), and 

1) j{Lut) — ip{t,^{Lu),Lu) holds for all lu £ fl and t G R+, where (f{t,x,ui) is 
the unique solution of the corresponding inhomogeneous equation Q with 
the initial condition f{0, x, lu) = x; 

2) ||7||< ^11/11, ^^fterehlH max |7H|. 

Proof. The proof of this assertion is obtained by sUght modification of arguments 
from [31 Ch.III] and we omit the details. □ 



Let us consider the following quasilinear equation in Banach space E 

(8) X^ A{LUt)x + f{LUt)+F{LUt,x), 

where A G C{n, L{E)), f G C{fl, E) and F G C{fl x E, E). 

Theorem 2.5. (Invariant integral manifold) Assume that there exist positive num- 
bers L < Lq '.= 2^ and r < tq := 70(2^ ~ -^o)^^ such that 

(9) \\F{iu,xi)-F{uj,X2)\\ < L\\xi-X2\\ 

for all to £ fl and xi,X2 G B[Q,r] ~ {x £ E \ p{x,Q) < r}, where Q — 7(^1); 
7 G C{n,E) is defined in 0| and 70 ~ max 7(11;)) || . Then there exists a 

unique function u G C(f2, B[Q, r\) such that 

(10) u[Lut) ^^l:{t,u{uj),Lu) 

for all t G M+ and lu eVL, where ^p{-,x,Lu) is the unique solution of the quasilinear 
equation with the initial condition 'ip(0,x,Lu) — x. Therefore, the graph of u is 
an invariant integral manifold for the quasilinear equation @ . 



Proof. Let x = y + ^(Lut). Then from the equation (|SJ) we obtain 
(11) y^A{Lut)y + F{ujt,y + ^{Lut)). 
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If < r < ro and a G C(il, B[Q, r]), then the equaUty 

+ OC 

(12) ($a)(w)= j G{Q,T,L0)F{ujT,a{LJT)+-l{uJT))dT 

— oo 

defines a function £ C(ri, i?). In virtue of Theorem 12.41 we have 
2N 

||$a|| < max||F(w,a(w) +7(w))|| 

2N 2N 
< max \\Fiuj, + j{u;)) ~ F{lj, -f{cj))\\ + max j{u;))\\ 

2iV „ „ 2iV 2N 2N 2N 2N 

(13) < L\\a\\ H 70 < Lr H 70 < Loro H 70 = tq 

V V V V V V 

and consequently $(C(r2, B[Q, ro])) C (7(17, B[Q, ro]). 

Now we will show that the mapping $ : C(il, tq]) C(il, i3[(5, tq]) is Lips- 
chitzian. In fact, according to Theorem 12 . 41 we have 

2N 

||<i>ai — <i>Q;2|| < max ||-F(ti;, a\{uj) + 7(0;)) — F(u, a-iiyS) + 7(ti'))|| 

2iV 

(14) < Lmax ||q;i(w) — Q;2(aj)||. 

We note that < < 1. Thus the mapping $ is a contraction and, 

consequently by Banach fixed point theorem, there exists a unique function a G 
C(rJ, B[Q, ro]) such that = a. To finish the proof of the theorem it is sufficient 
to put u = 7 + a. □ 

We now consider the perturbed quasilinear equation 

(15) i = A{ujt)x + f{ujt)+eF{ujt,x), 

where s G [— eoj^o] (so > 0) is a small parameter. We have a similar theorem. 

Theorem 2.6. (Invariant integral manifold and convergence) Assume that there 
exist positive numbers r and L such that 

(16) \\F{lu,xi)~F{u;,X2)\\ < L\\xi ~ X2\\ 

for all uj £ and Xi,X2 G B[Q,r]. Then for sufficiently small e there exists a 
unique function Ug G C{^,B[Q,r]) such that 

(17) Ue{LOt) ^ 'lp^{t,Ue{L0),L0) 

for all t G M+ and lo G il, where ?/'£(•, a;, w) is the unique solution of equation (|i5f) 
with the initial condition tl)^{Q,x,uj) — x. Moreover, 

(18) limmax||'U£(w) ~7(w)|| = 0, 
where 7 G C{uj,E) is defined in 



Proof. We can prove the existence of by slight modification of the proof of 
Theorem in 
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To prove (|18|l we note that 

(19) \\F{cu,Ue{uj)\\ < \\F{uj,Ue{uj) - F{uj,j{lj)\\ + \\F{uj,j{uj)\\ < Lr + jo 
and 

+00 

f 2N 

(20) \\u,{cj) - ^{iu)\\ < II j eG{Q,T,u:T)F{uT,u,{uT))dT < \e\ — {Lr + jo) 

—00 

for all a; e and e G [— eo, ^o]- Passing to the limit in the inequality (|20|l as e — * 
we obtain (^H)). □ 

3. Generalization of second Bogolyubov's theorem for non-almost 

periodic systems 

In this section, we consider an analog of the second Bogolyubov's theorem for the 
nonautonomous system 

(21) ± = ef{ujt,x), 

where e S [0, Eq] (eq > 0) is a small parameter. We do not assume that / is almost 
periodic in time t. Suppose that the averaging 

T 

(22) 7{x)^^lun^^l f{u;t,x)dt 



exists uniformly w.r.t. lu G ^, and also uniformly w.r.t. x on every bounded subset 
of E. 

Remark 3.1. The condition i2S^ is fulfilled if a dynamical system (f2,M, ct) is 
strictly ergodic, i.e. on exists a unique invariant measure fi w.r.t. (f2,R, cr). 

Along with equation (|21|l we consider the averaged equation 

(23) x = e7ix). 

Setting slow time r = e< (e > 0), the equations (|21|l and H23|l can be written in the 
following form: 

(24) ^ = 
and 

(25) S=7(:^) 
respectively. 

Suppose that for certain point xq E E 

(26) Jixo) = 0, 

then the equation 1)23(1 admits a stationary solution (p^(t,xo) = xq. 
Assume that the following conditions are fulfilled: 
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(i) Function / G C{n x B[xQ,r],E) where B[xQ,r] ~ {x £ E \ \\x — xo\\ < r} 
and r > 0, and F is bounded on 51 x ^[2:0,?"]. The hmit H22|l is uniform w.r.t. 
{lu, x) £ D, X B[xo, r] and functions /^^(w, x) and / (x) are bounded on il x B[xq, r]. 

(ii) Functions f{u!,x) and f{x) are twice continuously difTerentiable w.r.t variable 
X G B[xo, r]. 

(iii) The equahty ^ can be twice differentiated, i.e., the following equalities 

T 

(27) hrn ^ f fi''Hcot,x)dt (fc = l,2) 

1 —♦+00 1 J 



hold uniformly w.r.t uj £ Q and x G B[xQ^r]. 
We note that 

(28) 7{x + h)-7{x)=7'ix)h + R{x,h) {x,x + h e B[xo,r]) 
where \\R{x,h)\\ = o{\\h\\). 

Let A = f (xq) and B{h) = R{xo, h). Then according to H26|l and H28|l we have 

(29) J{x + h) =Ah + B{h) 

It is clear (see [3 Ch.7]) that the function B{h) satisfies the condition of Lipschitz 

(30) \\B{hi) - B{h2)\\ < L{r)\\hi - h^W 
(/ii, /i2 & B[xo, r]) and L{r) ^ as r ^ 0. 

The equation H21|l can be rewritten in the following form 

(31) ^^eAh + egiLJt,h), 

at 

where h — x — xq and 

(32) g{LO, h) = f{uj, x + h)- 7(.To + h) + Bih). 

In the equation H32|l we make the following change of variable 

(33) h — z ~ ev{uj, z, e), 
where 

+00 

(34) v{uj,z,e)— J V{ljs, z) exp{—es)ds 



and 

(35) ViLu,z) = f{uj,xo + z)-J{xo + z). 

Lemma 3.2. f7, p.457] j Let ip : M-|- x A E be a function satisfying the following 
conditions: 



1. M sup{||i / (p{s,X)ds\\ | i > 0, A G A} < +00. 



2. lim y /^'(s, X)ds = uniformly w.r.t. variable A G A. 
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Then the following equality 

+00 



limp / ip{s, X) exp{—ps)ds — 

p^O J 





takes place uniformly w.r.t. A G A. 

Lemma 3.3. The following equalities 

(36) \im ev{uj, z,e) = 



an 



d 



(37) limew' (w, z, e) = 

are fulfilled uniformly w.r.t. lj ^ and z G i?[0,r]. 

Proof. This assertion follows from Lemma [3.21 In fact, in virtue of H22f) . H27|l and 
(I34II . the bounded function V{ujs, z) and V!,{ujs, z) satisfy the conditions of Lemma 

E21 □ 

From the equality (|27l) it follows that for sufficiently small e > the operator 
I — ev'^{uj,z,e) (cj e 17, z G B[Q,r\) is invertible and {I — ev'^{ijj , z , e))^^ is bounded, 
and, consequently, the mapping H33(l is invertible. According to equation (|36(l in 
the sufficiently small neighborhood of zero and for sufficiently small e > 0, we can 
make the change of variable (|33|l . 

Note that 

+00 +00 
w((jji, z,e)= / F(ti>(t + s), z, e)) exp(— es)ds = exp(et) / F(a;s, z, e)) exp(— es)(is 



t 
and we find that 

(38) —viujt, z, e) = eviivt, z, e) — V(ujt, z, e) 

dt 

and, consequently, 

dh dz , dz , 
(39 — = — - ev'— - e^v + eV. 

^ ' dt dt dt 

Using the relation H33|) . H35() and (|39|l we reduce the equation (|31|) to the form 
, dz 

[I - ev'^{ujt, z, e))— = s[f{ujt, xq + h,s)- f{ujt, xq + z, e)] 

+ef{xo + z) + e^v{ujt, z, e) = e{Az + B{z)) 
(40) +e'^v{ujt, z, e) + e[/(ajt, x^) + z — ev, e) — f{iot, xq + z, e)]. 

After multiplication of the both sides of the equation H4U|) by (/ — £v'^{ujt, z,e))~^ 

and introduction of the "slow" time t — et we obtain 

, , dz , , T 

41 — = Az + F{uj-,z,e) 

dr e 

where F possesses the following properties: 
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a) F admits a bounded derivable F^{Lu,z,e) (w G £7, z e B[0,r] and e £ [o, eo]); 

b) F{uj,z,e) = B{z) + 0{z) uniformly w.r.t. w e 51 and z G i?[0,r]; 

c) For every M > and n > 0, there exists positive numbers e'q < Eq and /3o such 
that for < £ < Eq, and ||z|| < Po, the inequalities 

(42) ||i^(a;,z,e)|| < Af 
and 

(43) \\F{u,z,,s) - F{Lo,Z2,e)\\ < t,\\zi - Z2\\ 
take place for all G il, zi, Z2 G B[Q, r] and < £ < Eq. 

Theorem 3.4. (Dynamics of the transformed system) Suppose that cr(A) HiM = 0, 
where a{A) is the spectrum of the operator A = f (xq). Then 

1) For the transformed equation (^j), there exists a unique function G 
C{n,B[G,l3]) such that 

(44) Ue {lot) = (t, Ue{L0), Uj) 

for all T G M+ and to £ ^l, where ^e{'TX,uj) is a unique solution of equation 
j| ) which initial condition tp^(0,x,Lu) — x; 

2) 

(45) lim max ||{te(w)|| = 0. 

e— »0 uj^Q 



Proof. This statement follows from Theorem l2.6l □ 

Theorem 3.5. (Analog of the second Bogolyubov's theorem) Assume that the con- 
ditions (i) — (Hi) and i^b} are fulfilled and cr(A) H iM = 0, where a{A) is the 
spectrum of the operator A ~ f (xq). Then for sufficiently small rg > 0, there 
is £q with < £q < £o such that for < £ < £q, there exists a unique function 
Ue G C(r2, -B[a;o, ?■]) such that 

(46) Ue {ujt) = 1pe{t,Ue{uj),Uj) 

for all t G and to €z and 

(47) lim max ||u£(ti;) — .To II = 0, 

where ^pe{-,x,uj) is the unique solution of the nonautonomous equation t^21^ with 
initial condition ipeifiy x,uj) = x, and Xq is a stationary solution of the averaged 
equation . Note that the graph of Ue is an invariant integral manifold for the 
nonautonomous equation ^21\ . 

Proof. Under the conditions of the theorem and in virtue of Theorem 13 .41 for the 
equation 14111 . there exists a unique function Ue G C(51, B[Q, r^]) with the properties 
(im and (gSl). Denote by 

(48) Ue{uj) = Xq + Ue{oj) — ev{uj, Ue{uj), Uj). 

Then from the equalities , (|2Sl , (03 and (g^l , we obtain the equality (gHJ and 
the continuity of : 17 — > i?. Consequently, we have, Ue G C{fl, B[xo,r]) for 
sufficient small £ > 0. The equality l|46|l follows from the equalities H44|l and H48II . 
The theorem is thus proved. □ 
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4. Almost periodic and recurrent solutions 

Let T = R or R+, {X, T, tt) be a dynamical system, x € X , t, e € T, t > 0, e > 0. 
We denote 7r(a;,t) by a short-hand notation xt. 

The point x is called a stationary point if xt ~ x for all t CzT. The point x is called 
T-periodic if xt — x. 

The number r is called e-shift (e-almost period) of a point x if p(a;r, x) < e 
T),xt) < £ for all t e T). 

The point x is called almost recurrent (almost periodic) if for any e > there exists 
positive number I such that on every segment of length / can be found a e-shift 
(e-almost period) of the point x. 

A point X is called recurrent if it is almost recurrent and the set H{x) = {xt \ t G T} 
is compact. 

Denote by dJl^ — {{tn} I {xtn} is convergent}. 

Theorem 4.1. [S]^ Let (A", Ti,7r) and (F, T2,(t) be dynamical systems with 

Ti C T2. Assume that h : X ^ Y is a homomorphism from (A, Ti,7r) onto 
(y, T2,cr). // the point x G X is stationary [r-periodic, quasi-periodic, almost 
periodic, recurrent), then the point h{x) — y is also stationary (r-periodic, quasi- 
periodic, almost periodic, recurrent) and dJlx C dJly . 

Consider the following nonautonomous equation in Banach space E 

(49) = /(cjt, w) 

where / € C{U x E,E). Suppose that the function / is regular, i.e., for all w G E 
and uj € fl, the equation (|49|l admits a unique solution ip{t,w,uj) defined on M+ 
with the initial condition (p(0,w,uj) = w and the mapping Lp : ]R_|_ x x — > _E is 
continuous. 

It is well-known (see, for example, |B]) that the mapping satisfies the following 
conditions: 

a. (/9(0, w,uj) — w for all w G E and e fi; 

b. <y9(t -|- T, w, Lo) — Lp{t, if^T, w, uj) , ujt) for alH, T £ Ti , w G -B and a; G fJ. 

The solution (^(i, w, uj) of the equation H49I) is said to be stationary (r-periodic, 
almost periodic, recurrent) if the point x := {w,uj) G X :— E xU,is stationary (r- 
periodic, almost periodic, recurrent) point of the skew-product dynamical system 
(A, R_|_,7r), where tt — {if, a), i.e. Tr{t, {w,uj)) = {^{t,w,uj),ujt) for all t G M+ and 
{w,ijj) € E X fl. 

Lemma 4.2. Suppose that u G C(ri, E) satisfies the condition 

(50) u{ijjt) — ip{t,u{uj),uj) 

for all t gR and w G fi. Then the mapping h : —> X defined by 

(51) hiiu) = {u{uj),io) 

for all UJ G Q is a homomorphism from {Q,R,a) onto (A, R4-,7r). 
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Proof. This assertion follows from the equalities H5Q|I and (|51|l □ 

Remark 4.3. The function u G C(f2, E) with the property ^50^ is called continuous 
invariant section (or integral manifold) for non autonomous system (^^. 

Theorem 4.4. // the function u G C{Q,E) satisfies the condition ^5U\i and the 
point w e is stationary (t -periodic, almost periodic, recurrent), then the solution 
ip{t,u(u)),Lo) of the equation \49[ also will be stationary (r-periodic, almost periodic, 
recurrent) . 



Proof. This statement follows from Theorem 14 . 1 1 and Lemma [4.21 □ 
Example 4.5. Consider the equation 

(52) u'^fit,u) 

where / G C(M x E,E)] here C(R x E, E) is the space of all continuous function 
R X — > equipped with compact-open topology. Along with the equation (|5^ 
we will consider the iJ-class of equation H52() 

(53) u=9{t,u) (geHif)), 



where H{f) = {fr | r G M} and the over bar denotes the closure in C(R x E, E) 
and fr{t, u) = fit + T, u) for alH G R and u e E. Denote by (C(R x E, E), R, a) 
the Bebutov's dynamical system (see, for example, @], 0, [H!)- Here a{t,g) = gt 
for aU t G R and g G C(R x E, E). 

The function / G C(R x E, E) is called regular (see Wl) if for all w G and g G H{f) 
the equation (|53|l admits a unique solution (p{t, u,g) defined on R_|_ with the initial 
condition ip{0, u, g) = u. 

Let f2 be the hull H{f) of a given regular function / G C{K.y. E,E) and denote 
the restriction of (C(R x E,E),m.,a) on 17 by (f7, R, ct). \.ei F : Vl x E ^ E he &. 
continuous mapping defined by F{g,u) — g(0,u) for g G and u Cz E. Then the 
equation H53|) can be written in such form: 

(54) u'^F{ujt,u), 
where w — g and tot = gt. 

Lemma 4.6. The following two conditions are equivalent. 

1) There exists a limit 

t+T 

(55) /o(2;) = lim - / f{s,x)ds 

1 ^ + oo 1 J 

t 

uniformly w.r.t. i G R and x on every compact set K C E. 

2) There exists a limit 

T 

1 



(56) /o(a;) = lim - g{s,x)ds 

1 -~*+oo 1 J 


uniformly w.r.t. g G H{f) and x on every compact set K <Z E. 
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Proof. The equality (jSSl) follows from because /* G H{f) for alH £ M and 

T t+T 

^lim 7^ ft{s,x)ds ^ \im - / f{s,x)ds. 

t 

Let g G H{f), then there exists a sequence {i„} C M such that g = lim /t^. 

From the equality H55|l . it follows that for all e > and compact set K C E, there 
exists L{e,K) > such that 

T 

(57) ll^yA.(s,a;)ds-/o(a;)|| <£ 



for all n G N and T > L{e, K). Passing to the limit in the equality (|57|l as n — > +cxd 
we obtain the equality H56I) . □ 

Theorem 4.7. (Recurrent solutions) Suppose that the following conditions are 
fulfilled: 

1) / G C(M X E) and there exist xq £ E and r > such that the function f 
is bounded onRx B[xo,r], i.e., there exists positive number M such that 

(58) \\f{t,x)\\<M 

for all t gM. and x G B[xo, r] . 

2) The functions f G C(S.x E,E) and /o G C{E,E) are twice continuously 
differentiable w.r.t. variable x G B[xQ,r]. Moreover, the function f'^{t,x) 
is bounded on M x B[xQ,r], and f^ix) is bounded on B[xo,r]. 

3) The equality f55\) can be twice differentiated, i.e. the following equalities 

t+T 

(59) ft\x)=ln'n 1 / /W(s,x)ds (fc = l,2) 

t 

take place, uniformly w.r.t. i G M and x G B[xQ,r]. 

4) fo{xo) = and (j{A) n iR = 0, where A = /o(xo) and a{A) is the spectrum 
of operator A. 

5) The function f G C(S.x E,E) is stationary (t -periodic, almost periodic, 
recurrent) w.r.t. i G M, and uniformly w.r.t. to x on every compact subset 
K C E. 

Then for sufficiently small ro > 0, there exists < e'g < Eq such that for < £ < s'q 
the equation 

(60) x' = ef{t,x) 

admits a unique stationary (t -periodic, almost periodic, recurrent) solution Lp^{t) 
with the following properties: 

a) Wip^it) - xoll < ro for all t G K. 

b) limsup||(/3^(t) -xoll = 0. 



c) 9Jl/ C 97l;pe, whereof — {{tn\ \ {/t„} is convergent on C(Mxi?,£')} and 
^ip^ = {{tn} I {Vt„} convergent on C{M.,E)}. 
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Proof. Note that the conditions 1) 4) imply conditions (i) - (iii). So the proof of 
the theorem foUows from Theorems lr>.5l im 14.41 and Lemma ITHl □ 

Remark 4.8. Note that Theorem |^.7| is also true for the equation (|6'0fl with nan 
recurrent function f. For example, if f is pseudo recurrent i-S-, if H{f ) is 

compact and every function g G H{f ) is stable in the sense of Poisson. In this case 
we can affirm that the solution (p"^ will be also pseudo recurrent. See also Section 6 
later in this paper. 



5. Invariant torus and quasi-periodic solutions 

Let T'" be an m-dimensional torus. We consider a nonautonomous dynamical 
system in Banach space E, with a driving system defined on the torus T™: 



(61) 



x' = A{uj)x + f{uj) + F{uj, x) 
uj' = $(a;), 



where $ € C(T'", TT™), TT" is a tangent space of the torus T"^, f € C{T'",E), 
A e C{n, L{E)) and F e C(T'" x E, E). 

We suppose that the second equation of the system l|HT|) generates an autonomous 
dynamical system (T'",^, cr) on the torus T"* and the equation 

(62) x' ^ A{ujt)x^ f{u;t) + F{ujt,x) 

admits a unique solution a;, w) defined on M-). and satisfying the initial condition 

ip{Q, X, uj) = X. 

A function 7 e C (T™ , E) is called [3] an m-dimensional invariant torus of equation 
(EH (or system ^) if 

(63) 7(wt) = <y9(t,7(w), w) 
for aU t e M+ and w e T'". 

Applying the results from sections 2 - 4 , we have the following tests of existence 
of the invariant torus for equation H62|l . 

Theorem 5.1. (Invariant torus) Suppose that the equation ^ is hyperbolic and 
there exist positives numbers < L < Lq and < r < tq := ^^{^n ~ ^0)^^ 

such that the function F G C{T'^ x E,E) satisfies the condition Then the 

equation admits an m-dimensional invariant torus. 

Theorem 5.2. (Invariant torus for perturbed system) Suppose that there exist pos- 
itives numbers r and L such that the condition \16\) is fulfilled. Then for sufficient 
small £ > there exists an m-dimensional invariant torus for the perturbed 
equation 

(64) x' = A{ujt)x + f{ujt) + eF{Lut, x) {uj £ T™) 
and 

lim max ||u£(u;) — ?io(ijj)|| =0. 

e— »0 ojgn 
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Theorem 5.3. (Unique invariant torus) Let 17 = T™. Assume the conditions 
of Theorem \S.5\ are satisfied. Then, for a sufficient small ro > 0, there exists 

< Eg < Eq such that for all < s < e'q there exists a unique m-dimensional 
invariant torus for the equation ]61\l and 

Van max — a^g || = 0. 

e-^o wen 

We have the foUowing coroUary for quasi-periodic nonautonomous dynamical sys- 
tems, i.e., the driving system defined on the torus T™ is quasi-periodic in time. 

Corollary 5.4. (Compact minimal invariant torus) Suppose that the conditions 
of Theorem \ 5.1\ ( respectively Theorem or Theorem \ 5.!^) are fulfilled and the 
dynamical system (T™,R, cr) generated by the second equation of the system i)67l) 
is compact minimal and contains only quasi-periodic motions, then the equation 
^6S^} (respectively the equation or the equation ^21\) ) admits an m-dimensional 
invariant torus Ug, which is compact minimal and contains only quasi- periodic mo- 
tions. 

6. PSEUDO RECURRENT SOLUTIONS 

An autonomous dynamical system (fi, T, a) is said to be pseudo recurrent if the 
following conditions are fulfilled: 

a) VL is compact; 

b) (fi, T, a) is transitive, i.e. there exists a point ujo & Q. such that Q. = 
{ujot I t e T}; 

c) every point G SI is stable in the sense of Poisson, i.e. 

= {{tn} I — * ijJ and \tn\ +00} 7^ 0. 

Lemma 6.1. Let < (X, Ti, tt), (17, T2, cr), /i > be a nonautonomous dynamical sys- 
tem and the following conditions are fulfilled: 

1) (f2,T2, cr) is pseudo recurrent; 

2) 7 e C(ri, X) is an invariant section of the homomorphism h : X ^ fl. 
Then the autonomous dynamical system (7(17), T2, tt) is pseudo recurrent. 

Proof. It is evident that the space 7(17) is compact, because 17 is compact and 
7 G C(17,X). We note that on the space 7(17), by the homomorphism 7 : 17 — ^ 
7(f2), we have a dynamical system (7(17), T2, tt), namely t:*"/{uj) := j{Lot) for all 

1 G T2 and w G 17, then 71*7(0;) = 7r*7(a;) for all i G Ti C T2 and w G 17. Now 
we will show that 7(17) = {7(^0)^ | t G T2}. In fact, let x G 7(17). Then there 
exists a unique point a; G 17 such that x = "/{lo). Let {tn} C T2 be a sequence 
such that LUotn — > i^. Then x = 7(0;) = lim 7(0^0^)1) = lim j(Lu)tn) and, 

n — ^ + 00 n — *-t-cxD 

consequently, 7(17) C {7(^0)^ I t £ Tr2}. The inverse inclusion is trivial. Hence, 
7(17) = {7(^0)^ I t G T2}. To finish the proof of the lemma it is sufficient to note 
that 01(j C for every point w G 17 and, consequently, every point 7(0;) is 

Poisson stable. The lemma is proved. □ 
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Lemma WT\ implies that the conditions of Theorem l5.1l frespectivelv Th. 15. 21 or Th. 
15.3(1 are satisfied. Therefore, we have the foUowing result. 

Theorem 6.2. (Pseudo recurrent integral manifold) Assume the driving dynamical 
system (r2,T, cr) is pseudo recurrent , and assume the conditions in Lemma \6.1\ are 
satisfied. Then the equation (respectively, the equation j6'4| ) or the equation 

\21\) ) admits a pseudo recurrent integral manifold. 
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